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Abstract. Let (R, m) be a local ring and a be an ideal of R. The inequalities 
ht(o) < cd(o, R) < ara(a) < 1(a) < n(a) 

are known. It is an interesting and long-standing problems to find out the 
cases in order to the equality. Thanks to the formal grade we give conditions 
in which the above inequalities turn to the equality. 



1. Introduction 

Throughout this note, R is a commutative Noetherian ring with identity and o 
is an ideal of R. The smallest number of elements of R required to generate a up 
to radical is called the arithmetic rank, ara(a) of a. Determining the arithmetical 
rank of an ideal a is in general a hard task. Another invariant related to the ideal 
a is cd(a, R), the so-called cohomological dimension of a, defined as the maximum 
index for which the local cohomology module H l a (R) does not vanish. 

It is well known that ht(ft) < cd(a, R) < ara(ft). If equality holds, a is called 
a set-theoretic complete intersection. Determining set-theoretic complete intersec- 
tion ideals is a classical and long-standing problems in commutative algebra and 
algebraic geometry. Many questions related to an ideal a to being set-theoretic 
complete intersection are still open. See [18 for more information. 

Recently, there have been many attempts to investigate the equality cd(a, R) = 
ara(a), see e.g. [2J, [3J, @], [H] and their references, for certain classes of squarefree 
monomial ideals, but the equality does not hold in general (cf. [26]). However, in 
many cases, this question is open and many researchers are still working on it. 

Hellus and Schenzel [12] defined an ideal a to be cohomologically complete in- 
tersection, where ht(a) = cd(a, R). In case (R, m) is a Gorenstein local ring, they 
gave a characterization of cohomologically complete intersections for a certain class 
of ideals. 
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One more concept we will use is analytic spread of ideals. Let (R, m) be a local 
ring. We denote by 1(a), the Krull dimension of ©^ (a™/a ra m) called the analytic 
spread of o. In general, 

ht(a) < cd(a, R) < ara(a) < 1(a) < /z(a), (*) 

where p(a) is the minimal number of generators of a. Burch in [8] proved that 
1(a) < dimi? — (min ra depth R/a n ) known as Burch's inequality. It should be noted 
that, the stability of depth R/a n has been established by Brodmann (cf. [5]). The 
equality 1(a) = dimi? — (min depth R/a n ) has been studied from several points 
of view by many authors and deep results have been obtained in recent years by 
the assumptions that associated graded ring of a being Cohen-Macaulay, see for 
instance [HJ Proposition 3.3] or [24, Proposition 5.1] for detailed information. 

In this note, we try to find some conditions in order to turn all the inequalities 
in (*) into the equality. The outline of this paper is as follows: 

In Section two, we assume that (R, m) is a local ring and show that the inequality 

min„ depth RJ a n < fgrade(a, R) 

holds (cf. I2.2[) . where fgrade(a, R) is the first non- vanishing value of formal local 
cohomology modules lim ff^(i?/ a n ). In the light of 12.21 we define the non- negative 
integer dg(a) := fgrade(a, R) — min„ depth R/a n and ask the following question 
which reflects the nature of the ideal(cf. Proposition 12.61) . 

Question 1.1. Let a be an ideal of a local ring (R,m). When does the dg(a) < 1 
holds? 

It is known that for a one-dimensional ideal a of R, we have dg(a) < 1. In case 
Rad(ai? + p) = mi? for some p 6 Assi?, then dg(o) = (cf. Section 2). 

Peskine and Szpiro [P-S, Chap. 3, Proposition 4.1] proved that for a regular 
local ring i? of characteristic p > and an ideal a of R, if i?/ a is a Cohen-Macaulay 
ring, then ht(o) = cd(o, R). In Section three, we generalize this fact as follows: 

Theorem 1.2. ( cf. Theorem ] 3. 2\) Let (R, m) be a regular local ring of characteristic 
p > 0. Then, the following statements are equivalent: 

(1) R/a is a Cohen-Macaulay ring. 

(2) ht(a) = cd(a,i?) and H^R/a^"^) -)• H^(R/a^) is epimorphism for 
each integer e, where s := depth Rj a. 

And consequently we get the following equality 



ht(a) = dim i? — fgrade(a, i?) — 1(a) = dim i? — min depth Rj a' 
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provided that R/a is a Cohen-Macaulay ring and min n depth R/a n = depth R/a 
(cf. 15311 . 

Section four, is devoted to the case R = k[ polynomial ring of 

over a field fc with n variables xi,...,x n - In this Section, among the other results 
we reprove the fact that a monomial ideal a of R is cohomologically complete 
intersection if and only if R/a is a Cohen-Macaulay ring. Furthermore we give a 
simple and different proof to the well-known result of Lyubeznik, see 14.21 

2. Formal grade and depth 

Throughout this Section, (R, m) is a commutative Noetherian local ring. Let a 
be an ideal of R and M be an i?-module. For an integer i, let H l a (M) denote 
the i-th local cohomology module of M. We have the isomorphism of H l a (M) to 
lim^ Ext ( R/a n , M) for every i G Z, see [5] for more details. 

Consider the family of local cohomology modules {if^(M/a™M)} ng N . For every 
n there is a natural homomorphism H^(M / a n+1 M) — > H^(M/ a n M) such that the 
family forms a projective system. The projective limit $ % a (M) :— X^m^H^ (M/a n M) 
is called the i-th. formal local cohomology of M with respect to a (cf. [21] also see 
(T] and for more information). 

For an ideal a of R the formal grade, fgrade(a, M), is defined as minimal non- 
vanishing of the formal cohomology modules, i.e. 

fgrade(a, A I) = in£{i G Z : lim n H l m (M/a n M) ^ 0}. 

Formal grade is playing an important role throughout this note. We first recall 
a few remarks. 

Remark 2.1. Let a denote an ideal of a local ring (R, m). Let M be a finitely 
generated i?-module. 

(1) fgrade(a, M) < dimR/(aR,p), for all p G AssAf (cf. [23 Theorem 4.12]). 

(2) In case M is a Cohen-Macaulay module fgrade(a, M) = dim M — cd(a, M) 
(cf. [U Corolary 4.2]). 

A key point in the proof of the main results in this section is the following: 

Proposition 2.2. Let a be an ideal of a d-dimensional local ring (i?,m). Then, 
the inequality 

min n depth i?/a" < fgrade(o, R). 

holds. 

Proof. Put min n depth i?/a" := t, then for each integer n, H^R/a") = for all 
i < t. It implies that ]^mH^ n (R/a n ) — for all i < t. Then, the definition of the 
formal grade implies that min„ depth R/a n < fgrade(o, R). □ 
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The above inequality may be strict as the next example demonstrates. 

Example 2.3. Let k be a held and R — k[\x, y, z\] denote the formal power series 
ring in three variables over k. Put a :— (x,y) (~l (y,z) n (x,z). Easily one can 
see that depthi?/a = 1. However, a 2 = (x,y) 2 D (y,z) 2 n (x, z) 2 n (x 2 ,y 2 ,z 2 ) and 
consequently depth Rj a 2 = 0. 

On the other hand, l^m^ii^,(i?/a") = then we have fgrade(a, R) = 1. 

In connection with the above results we state the next definition. 

Definition 2.4. Let a be an ideal of a local ring (R, m). We define a non-negative 
integer dg(o) to measure the distance between the fgrade(a, R) and the lower bound 
of depth R/a n , neN, i.e. 

dg(a) := fgrade(a, R) — min n depth R/a n . 

It should be noted that, the stability of depth R/a n has been established by Brod- 
mann (cf. [5]). 

One more concept we shall use is analytic spread of ideals. We denote by 1(a), 
the Krull dimension of ©$£L (a n /a™m) which is called the analytic spread of a. In 
general, 

ht(o) < cd(o, R) < ara(a) < 1(a) < /j(a), (*) 
where fj,(a) is the minimal number of generators of o. Burch in [5] proved that 
1(a) < dimi? — (min„ depth i?/a") which is known as Burch's inequality. The 
equality 1(a) = dimi? — (min depth R/a n ) has been studied from several points 
of view by many authors and deep results have been obtained in recent years by 
the assumptions that associated graded ring of a being Cohen-Macaulay, see for 
instance [HJ Proposition 3.3] or [24, Proposition 5.1] for detailed information. 

Inspired of Remark 1 2. 11 fgrade(a, R) < dim(R/aR + p) for all p e Ass R. It can 
be a suitable upper bound to control the formal grade of a and min„ depth R/a n 
as well. It is clear that in case Rad(ai? + p) = mi? for some p 6 Assi?, then 
min„ depth R/a n = fgrade(o, i?) = and consequently dg(o) = 0. 

Example 2.5. Let i? = k[[x,y, z]]/(xy,xz) and o := (x,y). One can see that 
fgrade(a, i?) = and consequently dg(a) = 0. 

In case dg(a) = 0, then the inequalities 

ht(o) < 1(a) < dimi? - fgrade(a, i?) 

hold. Moreover, if i? is a Cohen-Macaulay ring, then in the light of Rcmark l2.1l (2) 
and (*) one has 

ht(a) < 1(a) — cd(a, R) — dimi? — fgrade(o, i?) = dimi? — min depth R/a n . (**) 



COHOMOLOGICALLY COMPLETE INTERSECTION IDEALS 



5 



Proposition 2.6. Let a be an ideal of a Cohen- Macaulay local ring (i?,m). Then, 
the following statements are true: 

(1) If dg(a) = 0, then the following are equivalent: 

(a) ht(o) = cd(a,iZ). 

(b) a is a set-theoretic complete intersection ideal. 

(2) Suppose that dg(a) = \, then 

1(a) 7^ dimi? — min„ depth R/a n if and only if cd(o, R) — ara(a) = 1(a). 

Proof. (1) The implications (a => b) respectively (b => a) are clear by virtue of 
(**) respectively (*). 
(2) Assume that 1(a) ^ dim R — min„ depth R/a n , then by assumptions we have 

cd(a, R) < ara(a) < 1(a) < dimi? — min depth R/a n 

= dim R — fgrade(a, R) + 1 
= cd(a,R) + 1. 

Now the claim is clear. 

For the reverse implication, assume that 1(a) = dim R — min depth R/a n . 
If this is the case, then 1(a) = dim R — fgrade(a, R) + 1 = cd(a, R) + 1, which 
is a contradiction. 

□ 

Example 2.7. Let R = k[[xi, X2, X3, X4]] be the formal power series ring over 
a field k in four variables and a = (xi,X2) (~1 (x^, X4). Clearly one can see that 
dim R/a = 2, fgrade(a, R) = 1 and by virtue of [22J Lemma 2] min„ depth R/a n = 1, 
i.e. dg(a) = 0. On the other hand ht(a) = 2 and cd(a, R) = 3. By Mayer vietoris 
sequence one can see that H%(R) ^ 0, that is ara(a) = 3 = 1(a). 

For a prime ideal p of R, the n-th symbolic power of p is denoted by p^™' = 
p"i? p n R. 

Theorem 2.8. Let p be a prime ideal of a Cohen- Macaulay local ring (R,m) with 
fgrade(p,i?) < 1. The following statements are true: 

(1) IfpW = p n , for all n, then l(p) = cd(p,i?) = dimi? - 1. 

(2) If l(p) = dimi? — 1 and ht(p) = cd(p,i?) then, p is a set-theoretic complete 
intersection. 

Proof. (1) As p( n > = p™, for all n, hence all of prime divisors of p n are minimal 
for all n, that is depth i?/p™ > 0. On the other hand, 12.21 implies that 
min depth R/p n = fgrade(p,i?) = 1, so it follows the claim. To this end 
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note that 

cd(p,R) < l(p) <dimi?-l 

= dim R — fgrade(p, R) 
= cd(p,R). 

(2) As l(p) — dimi? — 1 and fgrade(p,i?) < 1, then by assumptions ht(p) = 
cd(p,i?) = l(p). Hence, it follows that p is a set-theoretic complete inter- 
section ideal. 

□ 

Since fgrade(p,i?) < dimi?/p, one can get the following consequence. 

Corollary 2.9. Let p be a one- dimensional prime ideal of a Cohen- Macaulay local 
ring (i?, m). Then, (1) implies (2) and (2) implies (3). 

(1) p<") = p n , for all n. 

(2) l(p) = dim-R- 1. 

(3) p is a set-theoretic complete intersection. 

Cowsik and Nori [101 Proposition 3] with some extra assumptions have shown 
the equivalence. 

Corollary 2.10. Letp be a one- dimensional prime ideal of a Cohen- Macaulay local 
domain {R, m) with R/m infinite. Assume that R p is regular. Then, the following 
statements are equivalent: 

(1) p(") = p n , for all n. 

(2) Gr p (R) := ©~ p7p l+1 is a domain. 

(3) l(p) = dimi?- 1. 

(4) p is generated by an R-sequence. 

3. Case one: The Ring of positive characteristic 

Let p be a prime number and R a commutative Noetherian ring of characteristic 
p. The Frobenius endomorphism of R is the map ip : R — > R where <p(r) = r p . 
The valuable Theorem of Kunz (cf. [T7]) states that R is regular if and only if e-th 
iteration of (p is flat, for each (some) integer e > 1. 

For an i?-module M we denote by v M the Abelian group underlying M with 
i?-module structure defined via ip e : R — s> R. Thus, for r G R and m G v M, one 
has r.m — p e (r)m — r p m. Notice that The assignment M i — > F(M) = V R ®k M 
is a functor on the category of i?-modules, called the Frobenius functor. For each 
integer e > 1, one has F e (M) =f"R® R M 
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Let a = (xx, x n ) be an ideal of R. a^ is the e-th Frobenius powers of 
a, denned by 0^1 = [x\ ,...,x P //)R. In case o is generated by n elements, then 
a np ° C a[ pE l C a pC , i.e. a^' and a p " have the same radical. 

Let R be a regular local ring and M be a finite i?-module, then pd^j M = 
pd R F e (M) and depthF e (Af) = depthM. (cf. [7\ and [TS].) 

Peskine and Szpiro [20l Chap. 3, Proposition 4.1] proved that for a regular local 
ring R of characteristic p > and an ideal a of i?, if R/ a is a Cohen-Macaulay ring, 
then ht(a) = cd(a, R). Below, (see Theorem 3.2) we give a generalization of the 
mentioned result. 

Remark 3.1. Let (R, m) be a regular local ring of characteristic p > 0. Then, the 
following inequality holds: 

depth R/a < fgrade(o, R) < dim R/a. 

Proof. It is known that fgrade(a, R) < dimi?/a (cf. Section 2). By what we have 
seen above, depth of R/a is the same as the depth of every iteration of it. Put 
I := depth R/a = depth R/a^ for each integer e. It induces that H^(R/a^) is 
zero for all i < I, then so is UmH^iR/aP") = \imH l m (R/a^) (cf. [H Lemma 3.8]). 
Hence, / < fgrade(o, R). Therefore we get the desired inequality. □ 

Note that in case R is a Cohen-Macaulay local ring (not necessarily of positive 
characteristic), then in the light of I2.1f 2) the following statement holds: 

ht(a) = cd(a, R) if and only if fgrade(a, R) = dimi?/a. 

Theorem 3.2. Let (R, m) be a regular local ring of characteristic p > 0. Then, the 
following statements are equivalent: 

(1) R/a is a Cohen-Macaulay ring. 

(2) ht(a) = cd(o,i?) and H^{R/a^ + ^) -> H^(R/a^) is epimorphism for 
each integer e, where s := depth R/ a. 

Proof. (1) => (2) As R/a is a Cohen-Macaulay ring, then by assumption every 
iteration of R/a is again a Cohen-Macaulay ring. Hence, H^R/a^ ) is zero for all 
i < dim R/a, then so is limH l m (R/a^ ) ^ \\mH^(R/aP") for all i < dimi?/o (cf. 
[2TT Lemma 3.8]). 

By virtue of [HI Remark 3.6], one can see that Hf m (R) = for all dimi?- 
i > ht(o), i.e. ht(o) = cd(a,R). As R/a is a Cohen-Macaulay ring, so the second 
part of the claim is clear. 

(2) (1) Assume that ht(o) = cd(o, R). Then, fgrade(a, R) = dimi?/a. If 
we can prove that depth R/a > fgrade(o, R), we would be done. Consider the 
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cpimorphism of non-zero R- modules for each e: 

H^R/a^) -> H^R/a^l) 0. 

Hence, [35j Lemma 3.5.3] implies that fgrade(o, R) < depth R/a. This completes 
the proof. □ 

Let (i?, m) be a regular local ring of characteristic p and R/a be a Cohen- 
Macaulay ring. Suppose that min depth R/a n — depth R/a, then it follows from 
13.11 that dg(o) = 0. Thus, using [3T21 and then I2.6f l). one can see that a is a set- 
theoretic complete intersection ideal. To be more precise, we have the following: 

Corollary 3.3. Let (R, m) be a regular local ring of characteristic p and R/a is a 
Cohen- Macaulay ring. Suppose that min depth R/ a n — depth R/a. Then, we have 
the following equality 

ht(o) = dim ii — fgrade(o, R) = 1(a) = dimi? — min depth R/ a™. 
4. Case two: The polynomial ring 

Throughout this section, assume that R = k[x\, ...,x n ] be a polynomial ring in 
n variables x\, ...,x n over a field k. Let S :— k[x%, aJn](xi,...,x„) be the local ring 
and / be a square free monomial ideal of S: 

Theorem 4.1. Let S and L be as above. Then, the following are true. 
(1) 

H}(S) = <=► IjmHZriS/I 1 ) = ^ Hl-^S/I) = 0, 

for a given integer i. In particular S/I is a Cohen- Macaulay ring if and 
only if \\mH° m {S / 1 1 ) = for all j < n -htl. 
(2) //ht(a) = cd(a, R) then, R/a is a Cohen- Macaulay ring, provided that a is 
a squarefree monomial ideal of R. 

Proof. (1) By virtue of [23 Remark 3.6] H}(S) = if and only if Inn #™^(Sy/*) = 
. On the other hand by virtue of [23l Corollary 4.2], we have 

Hj(S) =0 if and only if H"- l (S/I) = 0. 

The second assertion easily follows by the first one. 
(2) Without loss of generality, we may assume that R is a local ring with the 
graded maximal ideal m = (x\, ...,x n ). Now the claim follows by part (1). 

□ 

The next result provides as a consequence an upper bound for the depth S/I l 
for each I > 1. Moreover, the second part of the next result has been proved by 
Lyubeznik in |19j . 
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Corollary 4.2. Let R, S and I be as above. 

(1 ) depth S/I = fgrade(7, S) holds. 

(2) Assume that a is a squarefree monomial ideal in R. then, j)d R R/a = 
cd(a,R). 

Proof. Assume that fgrade(I, S) := t, then for alH < t we have Um^i?^ (S/ P) = 
if and only if H^S/I) = (cf. Theorem 4.1). Hence, we have t < depth S/I. 
On the other hand assume that depth S/I := s. Again using Theorem 4.1 we have 
s < fgrade(I, S), as desired. 

In order to prove the second part, note that both pd R R/a and cd(a, R) are 
finite. Without loss of generality, we may assume that R is a local ring with 
the homogeneous maximal ideal m = (x%, x n ). Now, by Auslander-Buchsbaum 
formula and the first part one can get the claim. To this end note that 

pd iJ i?/o = depth R — depth R/a = dimi? — fgrade(a, R) = cd(a,i?). 

□ 

In the light of Corollary 14.21 it is noteworthy to mention that for a squarefree 
monomial ideal /, we have 

depth S/P < fgrade(/, S) 

for all positive integer I. Notice that depths'//' < depth S/I for all positive integer 
I, see for example [T4] . 

Corollary 4.3. Let R = k[x±, ■■■,x n ] be a polynomial ring in n variables Xx, ...,x n 
over a field k and a be a squarefree monomial ideal of R. Then, the following are 
equivalent: 

(i) H l a (R) = for all i ^ ht a, i.e. a is cohomologically a complete intersection 
ideal. 

(ii) R/a is a Cohen- Macaulay ring. 

Proof. Since each of the modules in question is graded, so the issue of vanishing is 
unchanged under localization at the homogeneous maximal ideal of R. Hence, the 
claim follows by Theorem 14. II □ 

Let xi, ...,x^ be image of the regular sequence x\, x n in S. Let k, I < n be 
arbitrary integers. For all i = l,...,fc set Ii := (x^ , Xi T . ), where the elements 
~Xj~, 1 < j < n < l are from the set {aTf, . . . , x^} and a squarefree monomial ideal / 
be as follows 

/ = h ni 2 n ... n/fc, 

where the set of basis elements of the L are disjoint. 
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Proposition 4.4. Let I be as above. Then cd(J, S) = J2i=i — + 1 and in 
particular, dg(/) = 0. 

Proof. By virtue of [H Lemma 2], depths'// = depth S - £)* =1 n + k-1. As 
depthS*// = fgrade(/,S) = dim S - cd(/, S), (cf. [42] and O ) so the claim is 
clear. □ 

Acknowledgements. I would like to thank Professor Markus Brodmann, Professor 
Jiirgen Herzog and Professor Moty Katzman for useful discussions on min n depth R/d' 
during preparation of this paper. 
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